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INTRODUCTION: 

      The binary quadratic equation of the form 𝑦2 = 𝐷𝑥2 + 1, where D is non-square positive 

integer has been studied by various mathematicians for its non-trivial integral solutions when D 

takes different integral values [1-4]. For an extensive review of various problems, one may refer 

[5-13]. In this communication, yet another interesting hyperbola given by 𝑦2 = 33𝑥2 +  1 is 

considered and infinitely many integer solutions are obtained. A few interesting properties 

among the solutions are obtained.  Further, employing the solutions of the above hyperbola, we 

have obtained solutions of other choices of hyperbola and parabola. 

METHOD OF ANALYSIS: 

      The Positive Pell equation representing hyperbola under consideration is      

                                    𝑦2 = 33𝑥2 + 1                                (1) 

Whose smallest positive integer solutions by trial and error 

𝑥0 = 4 ; 𝑦0 = 23 

Whose general solution is given by 

𝑥𝑛 =
1

2√33
𝑔𝑛 ; 𝑦𝑛 =

1

2
𝑓𝑛 

Where 

𝑓𝑛 = (23 +  4√33)
𝑛+1

+ (23 −  4√33)
𝑛+1

 

𝑔𝑛 = (23 +  4√33)𝑛+1 − (23 −  4√33)𝑛+1 

Applying the Brahmagupta lemma between (𝑥0, 𝑦0)& (𝑥𝑛 , 𝑦𝑛) the other solution of (1) are given 

by 
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𝑥𝑛+1 =
23

2√33
𝑔𝑛 +  

4

2
𝑓𝑛 

𝑦𝑛+1 =
23

2
𝑓𝑛 +  

4√33

2
𝑔𝑛 

The recurrence relation satisfied by x and y are given by 

𝑥𝑛+2 −  46𝑥𝑛+1 +  𝑥𝑛 = 0  

𝑦𝑛+2 −  46𝑦𝑛+1 + 𝑦𝑛 = 0 

A few numerical examples are given in the following table.1 

Table: 1 Numerical values 

n xn yn 

0 4 23 

1 184 1057 

2 8460 48599 

3 388976 2234497 

4 17884436 1027382630 

5 71148768 4723725601 

 

From the above table we observe some interesting properties among the solutions which are 

presented below:    
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1.Relations between solutions: 

 𝑥𝑛+3 − 46𝑥𝑛+2 + 𝑥𝑛+1 = 0 

 2𝑦𝑛+1 −
1

2
[𝑥𝑛+2 − 23𝑥𝑛+1] = 0 

 2𝑦𝑛+2 −
1

2
[23𝑥𝑛+2 − 𝑥𝑛+1] = 0 

 2𝑦𝑛+3 −
1

2
[1057𝑥𝑛+2 − 23𝑥𝑛+1] = 0 

 2𝑥𝑛+2 −
1

23
[𝑥𝑛+1 + 𝑥𝑛+3] = 0 

 2𝑦𝑛+1 −
1

92
[𝑥𝑛+3 − 1057𝑥𝑛+1] = 0 

 2𝑦𝑛+2 −
1

92
[23𝑥𝑛+3 − 23𝑥𝑛+1] = 0 

 2𝑦𝑛+3 −
1

92
[1057𝑥𝑛+3 − 𝑥𝑛+1] = 0 

 𝑥𝑛+2 − 23𝑥𝑛+1 − 4𝑦𝑛+1 = 0 

 𝑥𝑛+3 − 1057𝑥𝑛+1 − 184𝑦𝑛+1 = 0 

 𝑦𝑛+2 − 23𝑦𝑛+1 − 132𝑥𝑛+1 = 0 

 2𝑦𝑛+3 − 2114𝑦𝑛+1 − 12144𝑥𝑛+1 = 0 

 𝑥𝑛+2 −
1

23
[𝑥𝑛+1 + 4𝑦𝑛+2] = 0 

 𝑥𝑛+3 − 𝑥𝑛+1 − 8𝑦𝑛+2 = 0 

 𝑦𝑛+1 −
1

23
[𝑦𝑛+2 − 132𝑥𝑛+1] = 0 

 𝑦𝑛+3 −
1

23
[1057𝑦𝑛+2 + 132𝑥𝑛+1] = 0 

 𝑥𝑛+2 −
1

1057
[23𝑥𝑛+1 + 4𝑦𝑛+3] = 0 

 𝑥𝑛+3 −
1

1057
[𝑥𝑛+1 + 184𝑦𝑛+3] = 0 

 𝑦𝑛+1 −
1

1057
[𝑦𝑛+3 − 6072𝑥𝑛+1] = 0 

 𝑦𝑛+2 −
1

1057
[23𝑦𝑛+3 − 132𝑥𝑛+1] = 0 
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2.  Each of the following expressions represents a Perfect Square  

 2𝑦2𝑛+1 + 2 

 [92𝑦2𝑛+2 − 2𝑦2𝑛+3] + 2 

 
1

23
[2𝑦2𝑛+2 − 264𝑥2𝑛+1] + 2 

 [46𝑦2𝑛+2 − 264𝑥2𝑛+2] + 2 

 
1

23
[2114𝑦2𝑛+2 − 264𝑥2𝑛+3] + 2 

 
1

1057
[2𝑦2𝑛+3 − 12144𝑥2𝑛+1] + 2 

 
1

23
[46𝑦2𝑛+3 − 12144𝑥2𝑛+2] + 2 

 [2114𝑦2𝑛+3 −  12144𝑥2𝑛+43] + 2 

 
1

4
[46𝑥2𝑛+1 − 2𝑥2𝑛+2] + 2 

 
1

184
[2𝑥2𝑛+3 −  2114𝑥2𝑛+1] + 2 

 
1

4
[46𝑥2𝑛+3 −  2114𝑥2𝑛+2] + 2 

3.  Each of the following expressions represents a Cubical Integers 

 2𝑦3𝑛+2 + 6𝑦𝑛 

 [92𝑦3𝑛+3 − 2𝑦3𝑛+4] +  3[92𝑦𝑛+1 − 2𝑦𝑛+2] 

 
1

23
[[2𝑦3𝑛+3 − 264𝑥3𝑛+2] + 3[2𝑦𝑛+1 − 264𝑥𝑛]] 

 [46𝑦3𝑛+3 − 264𝑥3𝑛+3] +  3[46𝑦𝑛+1 − 264𝑥𝑛+1] 

 
1

23
[[2114𝑦3𝑛+3 − 264𝑥3𝑛+4] + 3[2114𝑦𝑛+1 − 264𝑥𝑛+2]] 

 
1

1057
[[2𝑦3𝑛+4 − 12144𝑥3𝑛+2] + 3[2𝑦𝑛+2 − 12144𝑥𝑛]] 

 
1

23
[[46𝑦3𝑛+4 − 12144𝑥3𝑛+3] + 3[46𝑦𝑛+2 − 12144𝑥𝑛+1]] 

 [2114𝑦3𝑛+4 −  12144𝑥3𝑛+4] +  3[2114𝑦𝑛+2 − 12144𝑥𝑛+2] 

 
1

4
[[46𝑥3𝑛+2 − 2𝑥3𝑛+3] + 3[46𝑥𝑛 − 2𝑥𝑛+1]] 

 
1

184
[[2𝑥3𝑛+4 −  2114𝑥3𝑛+2] + 3[2𝑥𝑛+2 − 2114𝑥𝑛]] 
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 
1

4
[[46𝑥3𝑛+4 −  2114𝑥3𝑛+3] + 3[46𝑥𝑛+2 − 2114𝑥𝑛+1]] 

4.  Each of the following expressions represents a Bi-quadratic Integer 

 2𝑦4𝑛+3 + 8𝑦2𝑛+1 + 6 

 [92𝑦4𝑛+4 − 2𝑦4𝑛+5] + 4[92𝑦2𝑛+2 − 2𝑦2𝑛+3] + 6 

 
1

23
[[2𝑦4𝑛+4 − 264𝑥4𝑛+3] + 4[2𝑦2𝑛+2 − 264𝑥2𝑛+1]] + 6 

 [46𝑦4𝑛+4 − 264𝑥4𝑛+4] + 4[46𝑦2𝑛+2 − 264𝑥2𝑛+2] + 6 

 
1

23
[[2113𝑦4𝑛+4 − 264𝑥4𝑛+5] + 4[2114𝑦2𝑛+2 − 264𝑥2𝑛+3]] + 6 

 
1

1057
[[2𝑦4𝑛+5 − 12144𝑥4𝑛+3] + 4[2𝑦2𝑛+3 − 12144𝑥2𝑛+1]] + 6 

 
1

23
[[46𝑦4𝑛+5 − 12144𝑥4𝑛+4] + 4[46𝑦2𝑛+3 − 12144𝑥2𝑛+2]] + 6 

 [2114𝑦4𝑛+5 − 12144𝑥4𝑛+5] + 4[2114𝑦2𝑛+3 − 12144𝑥2𝑛+3] + 6 

 
1

4
[[46𝑥4𝑛+3 − 2𝑥4𝑛+4] + 4[46𝑥2𝑛+1 − 2𝑥2𝑛+2]] + 6 

 
1

184
[[2𝑥4𝑛+5 − 2114𝑥4𝑛+3] + 4[2𝑥2𝑛+3 − 2114𝑥2𝑛+1]] + 6 

 
1

4
[[46𝑥4𝑛+5 − 2114𝑥4𝑛+4] + 4[46𝑥2𝑛+3 − 2114𝑥2𝑛+2]] + 6 

5.  Each of the following expressions represents a Quintic Integer 

 [2𝑦5𝑛+4 + 5(2𝑦𝑛)3 − 5(2𝑦𝑛)] 

 [92𝑦5𝑛+5 − 2𝑦5𝑛+6] + 5[92𝑦𝑛+1 − 2𝑦𝑛+2]3 − 5[92𝑦𝑛+1 − 2𝑦𝑛+2] 

 
1

23
[2𝑦5𝑛+5 − 264𝑥5𝑛+4] + 5[

1

23
(2𝑦𝑛+1 − 264𝑥𝑛)]3 − 5[

1

23
(2𝑦𝑛+1 − 264𝑥𝑛)] 

 [46𝑦5𝑛+5 − 264𝑥5𝑛+5] + 5[46𝑦𝑛+1 − 264𝑥𝑛+1]3 − 5[46𝑦𝑛+1 − 264𝑥𝑛+1] 

 
1

23
[2114𝑦5𝑛+5 − 264𝑥5𝑛+6] + 5[

1

23
(2114𝑦𝑛+1 − 264𝑥𝑛+2)]3 − 5[

1

23
(2114𝑦𝑛+1 −

264𝑥𝑛+2)] 

 
1

1057
[2𝑦5𝑛+6 − 12144𝑥5𝑛+4] + 5[

1

1057
[(2𝑦𝑛+2 − 12144𝑥𝑛)]3 − 5[

1

1057
(2𝑦𝑛+2 −

12144𝑥𝑛)] 
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 
1

23
[46𝑦5𝑛+6 − 12144𝑥5𝑛+5] + 5[

1

23
(46𝑦𝑛+2 − 12144𝑥𝑛+1)]3 − 5[

1

23
(46𝑦𝑛+2 −

12144𝑥𝑛+1)] 

 [2114𝑦5𝑛+6 − 12144𝑥5𝑛+6] + 5[2114𝑦𝑛+2 − 12144𝑥𝑛+2]3 − 5[2114𝑦𝑛+2 − 12144𝑥𝑛+2] 

 
1

4
[46𝑥5𝑛+4 − 2𝑥5𝑛+5] + 5[

1

4
(46𝑥𝑛 − 2𝑥𝑛+1)]3 − 5[

1

4
(46𝑥𝑛 − 2𝑥𝑛+1)] 

 
1

184
[2𝑥5𝑛+6 − 2114𝑥5𝑛+4] + 5[

1

184
(2𝑥𝑛+2 − 2114𝑥𝑛)]3 − 5[

1

184
(2𝑥𝑛+2 − 2114𝑥𝑛) 

 
1

4
[46𝑥5𝑛+6 − 2114𝑥5𝑛+5] + 5[

1

4
(46𝑥𝑛+2 − 2114𝑥𝑛+1)]3 − 5[

1

4
(46𝑥𝑛+2 − 2114𝑥𝑛+1)] 

6.  Construction of Second order Ramanujan numbers: 

             The Process of obtaining Second order Ramanujan numbers from suitable choices of x 

and y is illustrated through an example below: 

Consider,                        𝒙𝟏 = 𝟏𝟖𝟒 

= 184 × 1 = 2 × 92 = 4 × 46 = 8 × 23 

                                                      A       =      B      =       C    =      D 

   From A = B,Consider the relation               

(184 + 1)2 + (92 − 2)2 = (184 − 1)2 + (92 + 2)2 

=> (185)2 + (90)2 = (183)2 + (94)2 = 𝟒𝟐𝟑𝟐𝟓 

   From A = C, Consider the relation               

(184 + 1)2 + (46 − 4)2 = (184 − 1)2 + (46 + 4)2 

=> (185)2 + (42)2 = (183)2 + (50)2 = 𝟑𝟓𝟗𝟖𝟗 

   From A = D, Consider the relation               

(184 + 1)2 + (8 − 23)2 = (184 − 1)2 + (8 + 23)2 

=> (185)2 + (−15)2 = (183)2 + (31)2 = 𝟑𝟒𝟒𝟓𝟎 
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   From B = C, Consider the relation               

(2 + 92)2 + (4 − 46)2 = (2 − 92)2 + (4 + 46)2 

=> (94)2 + (−42)2 = (−90)2 + (50)2 = 𝟏𝟎𝟔𝟎𝟎 

   From B = D, Consider the relation               

(2 + 92)2 + (8 − 23)2 = (2 − 92)2 + (8 + 23)2 

=> (94)2 + (−15)2 = (90)2 + (31)2 = 𝟗𝟎𝟔𝟏 

   From C = D, Consider the relation               

(4 + 46)2 + (8 − 23)2 = (4 − 46)2 + (8 + 23)2 

=> (50)2 + (−15)2 = (−42)2 + (31)2 = 𝟐𝟕𝟐𝟓 

Thus  the numbers 42345, 35989, 34450, 10600, 9061, 2725 are Second order Ramanujan 

numbers. 

REMARKABLE OBSERVATIONS: 

1.  Employing linear combinations among the solutions of (1), one may generate integer 

solutions for other choices of hyperbola which are presented in table 2 below 

Table: 2 Hyperbola 

 

S.No 

 

                     Hyperbola 

  

  

(X,Y) 

 

1. 

 

528𝑋2 − 𝑌2 = 528 

 

𝑋 = 𝑦𝑛 

𝑌 = (𝑦𝑛+1 − 23𝑦𝑛) 

 

2. 
 

1117248𝑋2 − 𝑌2 = 1117248 

 

𝑋 = 𝑦𝑛 

𝑌 = (𝑦𝑛+2 − 1057𝑦𝑛) 
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3. 

 

  

𝑋2 − 33𝑌2 = 1 
 

 

𝑋 = 𝑦𝑛 

𝑌 = 𝑥𝑛 

 

4. 

 

529𝑋2 − 33𝑌2 = 529 

 

𝑋 = 𝑦𝑛 

𝑌 = (𝑥𝑛+1 − 4𝑦𝑛) 
 

 

5. 
 

1117249𝑋2 − 33𝑌2 = 1117249 

 

𝑋 = 𝑦𝑛 

𝑌 = (𝑥𝑛+2 − 184𝑦𝑛) 

 

6. 
 

528𝑋2 − 𝑌2 = 528 

 

𝑋 = (46𝑦𝑛+1 − 𝑦𝑛+2) 

𝑌 = (23𝑦𝑛+2 − 1057𝑦𝑛+1) 

 

7. 

 

 

529𝑋2 − 17457𝑌2 = 529 
 

 

𝑋 = (𝑦𝑛+1 − 132𝑥𝑛) 

𝑌 = 𝑥𝑛 

 

8. 

 

 

𝑋2 − 33𝑌2 = 1 
 

 

𝑋 = (23𝑦𝑛+1 − 132𝑥𝑛+1) 

𝑌 = (23𝑥𝑛+1 − 4𝑦𝑛+1) 

 

9. 
 

𝑋2 − 33𝑌2 = 529 

 

𝑋 = (1057𝑦𝑛+1 − 132𝑥𝑛+2) 

𝑌 = (23𝑥𝑛+2 − 184𝑦𝑛+1) 

 

10. 
 

𝑋2 − 368692173𝑌2 = 1117249 
 

 

𝑋 = (𝑦𝑛+2 − 6072𝑥𝑛) 

𝑌 = 𝑥𝑛 

 

11. 
 

𝑋2 − 33𝑌2 = 529 
 

 

𝑋 = (23𝑦𝑛+2 − 6072𝑥𝑛+1) 

𝑌 = (1057𝑥𝑛+1 − 4𝑦𝑛+2) 

 

12. 

 

𝑋2 − 33𝑌2 = 1 

 

 

𝑋 = (1057𝑦𝑛+2 − 6072𝑥𝑛+2) 

𝑌 = (1057𝑥𝑛+2 − 184𝑦𝑛+2) 
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2.  Employing linear combinations among the solutions of (1), one may  generate integer 

solutions for other choices of parabola  which are presented in Table 3 below 

Table: 3 Parabola 

 

13. 

 

𝑋2 − 33𝑌2 = 16 

 

 

𝑋 = (23𝑥𝑛 − 2𝑥𝑛+1) 

𝑌 = 𝑥𝑛 

 

14. 

 

 

𝑋2 − 1117248𝑌2 = 33856 

 

 

𝑋 = (𝑥𝑛+2 − 1057𝑥𝑛) 

𝑌 = 𝑥𝑛 

 

15. 

 

 

𝑋2 − 𝑌2 = 528 

 

𝑋 = (759𝑥𝑛+2 − 34881𝑥𝑛+1) 

𝑌 = (6072𝑥𝑛+1 − 132𝑥𝑛+2) 

 

S. No 

 

 

                      Parabola              

 

(X,Z) 

 

1. 

 

264𝑋 − 𝑍2 = 264 
 

 

𝑋 = 𝑦2𝑛+1 

𝑍 = (𝑦𝑛+1 − 23𝑦𝑛) 

 

2. 

 

558624𝑋 − 𝑍2 = 558624 
 

 

𝑋 = 𝑦2𝑛+1 

𝑍 = (𝑦𝑛+2 − 1057𝑦𝑛) 

 

 

3. 

 

𝑋 − 66𝑍2 = 1 

 

𝑋 = 𝑦2𝑛+1 

𝑍 = 𝑥𝑛 
 

 

4. 

 

529𝑋 − 66𝑍2 = 529 

 

𝑋 = 𝑦2𝑛+1 

𝑍 = (𝑥𝑛+1 − 4𝑦𝑛) 

 

 

5. 

 

1117249𝑋 − 66𝑍2 = 1117249 
 

 

𝑋 = 𝑦2𝑛+1 

𝑍 = (𝑥𝑛+2 − 184𝑦𝑛)  
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6. 

 

 

528𝑋 − 2𝑍2 = 528 
 

 

𝑋 = (46𝑦2𝑛+2 − 𝑦2𝑛+3) 

𝑍 = (23𝑦𝑛+2 − 1057𝑦𝑛+1) 
 

 

7. 

 

 

𝑋 − 3036𝑍2 = 46 

 

𝑋 = (2𝑦2𝑛+2 − 264𝑥2𝑛+1) 

𝑍 = 𝑥𝑛 
 

 

8. 

 

 

𝑋 − 66𝑍2 = 1 
 

 

𝑋 = (23𝑦2𝑛+2 − 132𝑥2𝑛+2) 

𝑍 = (23𝑥𝑛+1 − 4𝑦𝑛+1) 

 

 

9. 

 

 

𝑋 − 33𝑍2 = 1058 
 

 

𝑋 = (48622𝑦2𝑛+2 − 6072𝑥2𝑛+3) 

𝑍 = (46𝑥𝑛+2 − 368𝑦𝑛+1) 

 

 

10. 

 

𝑋 − 69762𝑍2 = 1057 

 

 

𝑋 = (𝑦2𝑛+3 − 6072𝑥2𝑛+1) 

𝑍 = 𝑥𝑛 

 

11. 

 

46𝑋 − 66𝑍2 = 1058 
 

 

𝑋 = (23𝑦2𝑛+3 − 6072𝑥2𝑛+2) 

𝑍 = (1057𝑥𝑛+1 − 4𝑦𝑛+1) 

 

12. 

 

𝑋 −  66𝑍2 = 1 

 

 

𝑋 = (1057𝑦2𝑛+3 − 6072𝑥2𝑛+3) 

𝑍 = (1057𝑥𝑛+2 − 184𝑦𝑛+2) 

 

13. 

 

𝑋 − 264𝑍2 = 4 
 

 

𝑋 = (23𝑥2𝑛+1 − 𝑥2𝑛+2) 

𝑍 = 𝑥𝑛 

 

14. 
 

𝑋 − 12144𝑍2 = 184 

 

 

𝑋 = (𝑥2𝑛+3 − 1057𝑥2𝑛+1) 

𝑍 = 𝑥𝑛 

 

15. 

 

33𝑋 − 𝑍2 = 264 
 

 

𝑋 = (46𝑥2𝑛+3 − 2114𝑥2𝑛+2) 

𝑍 = (6072𝑥𝑛+1 − 132𝑥2𝑛+2) 
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CONCLUSION: 

     In this paper, we have presented infinitely many integer solutions for the hyperbola 

represented by the positive pell equation 𝑦2 =  33𝑥2 + 1 .  As the binary quadratic Diophantine 

equations are rich in variety, one may search for the other choices of positive pell equations and 

determine the integer solutions along with suitable properties. 
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