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ABSTRACT:

This paper deals with the problem of obtaining non-zero distinct integer solutions to the non-
homogeneous binary quadratic equations with two unknowns y2 = 33x2 + 1. A few interesting
properties among the solutions are given. The construction of second order Ramanujan Numbers
is illustrated. Employing the linear combination among the solutions of the given equation,

integer solutions for other choices of hyperbola & parabola and a few relations among special
polygonal numbers are obtained.
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INTRODUCTION:

The binary quadratic equation of the form y? = Dx? + 1, where D is non-square positive
integer has been studied by various mathematicians for its non-trivial integral solutions when D
takes different integral values [1-4]. For an extensive review of various problems, one may refer
[5-13]. In this communication, yet another interesting hyperbola given by y? = 33x2 + 1is
considered and infinitely many integer solutions are obtained. A few interesting properties
among the solutions are obtained. Further, employing the solutions of the above hyperbola, we

have obtained solutions of other choices of hyperbola and parabola.
METHOD OF ANALYSIS:
The Positive Pell equation representing hyperbola under consideration is
y?2=33x%+1 (1)
Whose smallest positive integer solutions by trial and error
Xo=4;y, =23
Whose general solution is given by

1 1
Xn _ﬁgn » Vn _Eﬁn

Where
fo=(23+ 433" + (23— 4v33)"

Gn = (23 + 4V/33)"1 — (23 — 44/33)7*1

Applying the Brahmagupta lemma between (x,, y)& (x5, y,) the other solution of (1) are given
by
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23
Xpy1 = ﬁgn + Efn
23 4+/33
Yn+1 = 7fn + Tgn

The recurrence relation satisfied by x and y are given by
Xn+2 — 46Xp4 + X =0
Yn+z2 = 46Yn41 + ¥ =0

A few numerical examples are given in the following table.1

Table: 1 Numerical values

n Xn Yn

0 4 23

1 184 1057

2 8460 48599

3 388976 2234497

4 17884436 1027382630
5 71148768 4723725601

From the above table we observe some interesting properties among the solutions which are

presented below:

© 2026, IRJEAT Volume: 09 Issue: 02 |Feb-2026



https://www.irjweb.com/viewarchives.php?year=2025

@,
J
ILYZ“\] International Research Journal of Education and Technology

IRJEAT

Peer Reviewed Journal, ISSN 2581-7795

1.Relations between solutions:

> Xniz —46Xpiz +Xpy1 =0

> 291 = [nss = 23%040] = 0

> 2Vn42 — % [23%n42 = Xp41] =0

> 2nes =5 (10572045 = 23x744] = 0
> 2Xp4z — % [Xn41 + Xp43] =0

> 2¥ni1 — 55 [nss = 10572,4,] = 0

> 2Yniz = 53 [23%n45 — 23%n44] = 0

> 2Ynis =55 (105725 = 2ya] = 0

» Xnt2 — 23%Xp41 —4Yn41 =0

» Xp43 —1057x,,1 — 184y, =0

» Yniz — 23Yp41 — 132x544 =0

> 2Vnes —2114y,,, — 12144x,., = 0
> Xpiz — % [Xn41 + 4Yne2] =0

» Xpyz — Xny1 — 8Ynyz =0

> Yner = 55 Dz = 132004] = 0

> Yurs = 55 (10574 +13203,4] = 0
» Xnyz — ﬁ [23%n41 + 4Yn43]l = 0

> Xnis ~ sy e +184Y55] = 0

> Va1~ g7 Wnrs = 6072%n44] = 0
>

1
Yn+2 = 557 [23y543 — 132x,44] = 0
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2. Each of the following expressions represents a Perfect Square

2yZn+1 + 2
(922042 — 2Y2n43] + 2

1
E [2y2n+2 - 264’x2n+1] + 2
[46Y2n42 — 264Xp42] + 2

1
2 [2114y2n42 — 264%5543] + 2
1
1057

[46Y2n+3 — 12144%x5n45] + 2

[2y2n+3 - 1214'4'95211+1] + 2
1
23
[2114yon43 — 12144%5,443] + 2

1
2 [46X3041 — 2Xon42] + 2

1

Toa [2x3n43 — 2114%x5041] + 2

vV VvV VvV V¥V ¥V V V VY VYV VYV V

~[46%5ne3 — 2114%5n4] + 2
3. Each of the following expressions represents a Cubical Integers

2ySn+2 + 6Yn

[92y3n+3 - ZYSn+4] + 3[92)’n+1 - 2)’n+2]

1

z [[2y3n+3 - 264’353n+2] + 3[2)’n+1 - 264xn]]

[46Y3n+3 — 264x3p43] + 3[46Yn11 — 264%x,44]
[[2114Y3n43 — 264x3p14] + 3[2114Yp541 — 264%,4,]]

1

23
1

To57 L[2V3n+a — 12144X30,5] + 3[2Yn42 — 12144, ]]

1
23 [[46Y3n+a — 1214434 3] + 3[46Yn42 — 1214444]]
[2114y3p44 — 12144x5,,4] + 3[2114y,,, — 12144x,,,]

1
2 [[46X30n4+2 — 2X3n43] + 3[46x, — 2xp44]]

vV ¥V ¥V ¥V ¥V V VYV VY V V

1
Toa [[2%3n4+4 — 2114%3015] + 3[2xp4, — 2114%,]]
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> ~[[46%31s — 2114%3043] + 3[46X4, — 21140,,4]]
Each of the following expressions represents a Bi-quadratic Integer

2Y4n+3 + 8Y2n41 + 6
[92Yan+a — 2Van+s] + 4[92YVons2 — 2Y2n43] +6

1
2 [[2Yan+a — 264%4n43] + 4[2Yon42 — 264%5p41]] + 6
[46Yan+a — 264X 4n44] + 4[46Y2n42 — 264%244,] + 6

1
75 [[2113Yan1s — 264%4p45] + 4[2114Y5n15 — 264X2n43]] + 6

1

1057 [[2Yan+s — 12144x4513] + 4[2Y2n43 — 12144%2544]] + 6

1
23 [[46Yan+s — 12144%x4n14] + 4[46Y2p13 — 12144%x504,]] + 6

[2114y,4,,5 — 12144%,,, 5] + 4[2114y,,,5 — 12144x,,,5] + 6
1
Z[[46x4n+3 — 2X4n4a] T 4[46X50 41 — 2Xon42]] + 6

1

Ton [2%an+s = 2114%4p 3] + 425045 — 2114%5044]] + 6

1
2 [[46X4n1s — 2114% 40 44] + 4[46X2n13 — 2114X2042]] + 6

vV VvV VvV ¥V ¥V V¥V ¥V VY VYV V V

Each of the following expressions represents a Quintic Integer

[2¥sn+a + 5(2¥)° — 5(2yn)]

[92Ysn+s — 2Ysn+6] + 5[92Vns1 — 2Yns2]® — 5[92Yn41 — 2Yn42]

25 [2Vsnes = 264%snea] + 5[ (2yner — 2642)]° = 5[0 (2yn41 — 264x,)]
[46Y5n45 — 264%X5p45] + 5[46Vne1 — 264241]° — 5[46Y541 — 264%,44]
—[2114ys5n45 — 264x5046] + 5[52 (2114Yp11 — 264%,,2)]° — 5[5 (2114341 —
2642,5)]

—[2Ysnes — 12144x5044] + 5[—=[(2Vns2 — 12144x,)] = 5[— (2ynsz —
12144x,)]
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> —[46Ysn1s — 12144%5545] + 5[5 (46y4z — 12144%,41)]° — 5[~ (4642 —
12144x,,,)]

> [2114y5,46 — 12144x5,, 6] + 5[2114y,,,, — 12144x,,,]3 — 5[2114y,,, — 12144x,,,]

> 4 [46%sn1s = 20snis] + 515 (462 — 2x041)]° — 5[ (462, — 2n4)]

> or [2Xsnas = 21140504] + Sl Qnry — 2114,)]° = 5[, (2naz — 21140,)

> 2 [46X5046 — 2114%s545] + 5[5 (462042 — 2114%541)]° — 5[5 (46%n42 — 2114%;,41)]

6. Construction of Second order Ramanujan numbers:

The Process of obtaining Second order Ramanujan numbers from suitable choices of x

and y is illustrated through an example below:
Consider, x; =184
=184Xx1=2%Xx92=4Xx46 =8 x 23
A = B = C = D
From A = B,Consider the relation
(184 + 1)% + (92 — 2)? = (184 — 1)% + (92 + 2)?
=> (185)2 + (90)% = (183)2 + (94)% = 42325
From A = C, Consider the relation
(184 + 1)% + (46 — 4)? = (184 — 1)% + (46 + 4)?
=> (185)2 + (42)% = (183)2 + (50)% = 35989
From A = D, Consider the relation
(184 + 1)% + (8 — 23)2 = (184 — 1)% + (8 + 23)?

=> (185)% + (—15)% = (183)2 + (31)2 = 34450
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From B = C, Consider the relation
(2+92)2 + (4—46)2 = (2—92)% + (4 + 46)?
=> (94)? + (—42)%? = (-90)% + (50)2 = 10600
From B = D, Consider the relation
(2+92)2+ (8 —23)2 = (2 —92)% 4 (8 + 23)2
=> (94)2 + (=15)2 = (90)% + (31)% = 9061
From C = D, Consider the relation
(4 + 46)% + (8 — 23)2 = (4 — 46)% + (8 + 23)2
=> (50)%2 4+ (—15)2 = (—42)? + (31)> = 2725

Thus the numbers 42345, 35989, 34450, 10600, 9061, 2725 are Second order Ramanujan

numbers.
REMARKABLE OBSERVATIONS:

1. Employing linear combinations among the solutions of (1), one may generate integer

solutions for other choices of hyperbola which are presented in table 2 below

Table: 2 Hyperbola

S.No Hyperbola (X,Y)

1. 528X% — Y2 =528 X=y,
Y = (yn+1 - 23yn)

2. 1117248X?% —Y? = 1117248 X=y,
Y = (yn+2 - 10573’n)
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3. | X2-33y2= X =y
Y =x,
4. |529X2—-33Y2 =529 X=y,
Y = (xn+1 - 4’yn)
> 1117249X2 — 33Y2 = 1117249 X'= Y
Y = (Xp42 — 184y,)
6. X = (46Yn41 — Yn+2)
528X% —Y? =528 anli e
Y = (23yp42 — 1057y,44)
7. | 529X2 —17457Y2 =529 X = (Ypeqr — 132x,)
Y =x,
8. |X2-33v2=1 X = (23y,41 — 132%41)
Y = (23xn+1 - 4"yn+1)
9. |X2-33Y2=529 X = (1057y,41 — 132%,,4)
Y = (23xp4, — 184y,44)
10. | X2 —368692173Y2% = 1117249 X = Y4z — 6072x,)
Y =x,
11. | X2 —33Y2 =529 X = (23Vp42 — 6072x,41)
Y = (1057xp41 — 4Yn+2)
12. | X2 -33v2=1 X = (1057yp4, — 6072%,4,)
Y = (1057x,4, — 184yy,2)
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13. | X2-33Y%2=16 X = (23xy, — 2Xp41)
Y =x,
14. | X2 —1117248Y2 = 33856 X = (Xp42 — 1057x,)
Y =x,
15. | X2 —-Y? =528 X = (7594, — 34881x,,,1)
Y = (60721 — 132%,45)

2. Employing linear combinations among the solutions of (1), one may generate integer
solutions for other choices of parabola which are presented in Table 3 below

Table: 3 Parabola

S. No Parabola (X,2)

1. 264X — 7% =264 X = Yons1
Z= (Yn+1 - 23Yn)

2. 558624X — Z? = 558624 X =Yoni1
Z = (Yn+2 - 1057yn)

3. |X-66Z%2=1 X = Yons1
Z=x,
4. 529X — 66Z% = 529 X = Yons1

Z = (xn+1 - 4Yn)

5. 1117249X — 66Z2% = 1117249 X = Yons1
Z = (Xp42 — 184yy)

10
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6. |528X —272 =528 X = (46Y2n+2 — Yon+3)
Z = (23yp42 —1057yp41)

7- X - 303622 = 4‘6 X = (2y2n+2 - 264x2n+1)
Z =xy
8. |X—-66Z%2= X = (23y3n42 — 132%3142)

Z = (23xp41 — 4Yn41)

9. |X—337%2=1058 X = (48622y,,45 — 6072%543)
Z = (46xy42 — 368Yy,41)

10. | X — 6976272 = 1057 X = (Vonsz — 6072x5,41)
Z=x,
11. | 46X — 66Z% = 1058 X = (23y3p43 — 6072x5,42)

Z = (1057xp41 — 4Yn+1)

12 X — 6622 =1 X = (1057}/2n+3 - 6072x2n+3)
Z = (1057xp4, — 184yy,,)

13 X - 264Z2 = 4‘ X = (23x2n+1 - x2n+2)
Z=x,

14. | X —121447% = 184 X = (Xyps5 — 1057%p41)
Z=x,

15. | 33X — 22 = 264 X = (462575 — 2114%p,,5)

Z = (6072xp11 — 132%545)

11
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CONCLUSION:

In this paper, we have presented infinitely many integer solutions for the hyperbola
represented by the positive pell equation y? = 33x2 + 1. As the binary quadratic Diophantine
equations are rich in variety, one may search for the other choices of positive pell equations and

determine the integer solutions along with suitable properties.
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